In the gelation theory it has been implicitly assumed that (I) a cyclic bond is a finite bond that returns to itself; (II) cyclic bonds distribute at random in network structures. In this paper these two assumptions are reexamined from a new point of view. The physical soundness of the assumptions are assessed through comparison with experimental observations.
itself (see Fig. 1-(C) ). When we state that the bond 1-b is a finite bond, it is a cyclic bond, whereas when we state that the bond 1-b can lead to infinity, it is an intermolecular bond. Both the statements are true because of the fact (B). The same argument, of course, applies equally to the other bonds, 1 − a, a − 2 and 2 − b.
On Assumption II
As far as we consider individual clusters such as shown in Fig. 1 , it is obvious that the validity of Assumption II is confined to the cyclic structure 1-a-2-b-1. Then it might appear that Assumption II can not be extended beyond the local structure, since individual clusters should contain different sizes, different numbers and different types of rings, so the cyclic structures change from clusters to clusters. Now the problem with which we are faced turns out to be much intricate, theoretical treatment appearing harder. However, in most theoretical treatments of branching process, what is required is the mean properties of the system; cases as to require detailed structural informations of individual clusters are rare. In such average pictures [5] , every functional unit has an equal chance of cyclization or intermolecular reaction. Thus, taking the above-mentioned fact (B) into consideration, it may be concluded that there is a sufficient reason for us to accept Assumption II, the random distribution of cyclic bonds. Our task is then to make a thorough assessment of the validity of Assumptions I and II through comparison with extensive experimental observations.
Formulation of Gelling Processes
Consider the branching process in the mixing system of the R−A f + R−B g model comprised of two different type of monomer units, {f i M A i } and {g j M B j }, where M A i and M B j are the numbers of the A and B type monomers, respectively; f i and g j are the corresponding functionalities having positive integers with the subscripts signifying 1, 2, 3, · · · . Chemical bonds can be formed only between A and B functional units. Let [Γ] be the total molar concentration of cyclics and V the system volume. Bearing in mind that a ring possesses only one cyclic bond [5], we introduce the notations:
• fraction of cyclic bonds as against A functional units :
• fraction of cyclic bonds as against B functional units :
• fraction of A i functional units :
• fraction of B j functional units :
(1)
Gel Point
Given Assumptions I and II, the number, α, of branches leading from a given R−A f unit, via R−B g units, to the next R−A f units is simply given by (2) where P A (Z|X) = p RA /p A and P B (Z|X) = p RB /p B represent the conventional conditional probabilities. The critical condition occurs at α = 1, so that
Let κ = j g j M Bj / i f i M Ai be the molar ratio. Then eq. (3) may be recast in the form:
which is of the form: p = p(inter) + p(ring), as expected. Note that the p(ring) term in eq. (4) is the quantity at p c , so eq. (4) reveals that the gelation occurs at the point where the ratio of the intermolecular bonds to the total number of possible bonds attains the classic gel point with no rings. To solve eq. (4) 
In eq. (6), we have made use of the relation: (6) with p Ac and substitute the resulting equation into eq. (4) to obtain
where γ f = 1/C f . If we define the total functional unit concentration as
The condition of the critical dilution can be obtained by imposing the boundary condition, p Ac0 ≤ p Ac ≤ 1, on eq.
:
It is important to notice that eq. (9) is meaningful only if κ ≥ 1, since otherwise the boundary condition, p Ac = 1, cannot be fulfilled.
Post-gelation
Let Q A be the probability that a chosen branch emanating from the R−A f monomer unit is finite and Q B be the corresponding probability for the R−B g monomer unit. Given Assumptions I and II, one can readily describe a set of the recurrence relations:
The solution other than Q A = 1 or Q B = 1 is
With P A (Z|X) = p RA /p A and P B (Z|X) = p RB /p B in mind, substituting Q A = Q B = 1 into eq. (11), we recover the foregoing critical condition:
The sol and gel fractions of this system have the forms:
where w A i and w B j represent the weight fraction of the ith A-type monomer unit and that of the jth B-type monomer unit, respectively; these satisfy i w A i + j w B j = 1.
Examination of Results
Eqs. (4), (7), (10) and (11) are the direct consequence of Assumptions I and II. In this paper we focus our attention to the post-gelation problem, and reexamine the physical soundness of our assumptions through comparison with experiments. For the purpose of the assessment of the above theoretical reasonings, we take up the Ilavsky-Dusek observations [1, 2] for the gelling process of 4,4 ′ -diphenylmethane diisocyanate (DPMDI) and LHT240 at 55 ∼ 60
• C in nonsolvent state (see Fig. 2 ).
Let DPMDI be the R−A f unit (f = 2) and LHT240 the R−B g unit, respectively, and we have κ = [OH]/[NCO]. LHT240 is prepared from 1,2,6-hexanetriol by means of the anionic polymerization and is considered to be a mixture of diols (g 1 = 2) and triols (g 2 = 3). Let x 1 = M B 1 / j M B j be the mole fraction of the diols and x 2 = M B 2 / j M B j that of the triols to the total amount of alcohols, so that x 1 + x 2 = 1. According to the literature [1], the mean functionality is g n = j g j x j = 2.89. Thus x 1 = 0.11 and x 2 = 0.89. These give f w = g 2 / g n = 2.92. Clearly {x j } can be linked with the aforementioned quantities {χ j } by the equation: For the present case, χ 1 = 2 · 0.11/2.89 = 0.076 and χ 2 = 3 · 0.89/2.89 = 0.924. Solving eqs. (10)- (11) under the condition mentioned above (f = 2, g 1 = 2, g 2 = 3), one has
The gel fraction is
together, by eq. (6), with
Before carrying out our simulation, we must evaluate the relative cyclization frequency ϕ x defined by
For this purpose, it is necessary to calculate the effective bond number ξ e within the repeating unit. Set the standard bond length l s = 1.36Å and the virtual bonds, l 3 = l 4 = 5.69Å (see Fig. 3 ). Using these data, we can calculate the required number for the (i, j) arm pairs as (18) where t = 1 for ξ 1,2 , t = 4 for ξ 2,3 and t = 5 for ξ 1,3 . And we havē
. We set C F = 4.5, the same value as the HMDI-LHT240 system [5] . Now we can evaluate the relative cyclization frequency ϕ x under the condition of d = 3. The results are summarized in Table 1 . Making use of these data, we have plotted the weight fraction W gel of gel as a function of the molar ratio κ = [OH]/[NCO]; the result is illustrated in Fig. 4 together with the experimental points by Ilavsky and Dusek [1] ; the solid line represents the theoretical line based on eqs. (14)−(17), and the dotted line the prediction by the ideal tree theory without rings (p R = 0). Agreement between the theory and the experiment is vey excellent for κ ≥ 1, whereas marked disagreement is observed for the κ ≤ 1 zone. The latter phenomenon may be ascribed to side reactions, under the condition rich in −NCO moiety, caused by the recombination between urethane bonds −NH(CO)O− and unreacted −NCO functional units to give rise to, for instance, allophanate structures [1] .
The results are in good accord with the theoretical calculation based on the cascade theory by Ilavsky and Dusek [1] .
It may be concluded that the present results confirm the physical soundness of Assumptions I and II. 
